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Abstract
Let p be a prime and ¢ a prime power with char(F,) # p. A (p, q)-gate is a function Fj — F,
of the form go/, where £: Fy — F, is affine and g: F; — ), is arbitrary. We determine the gate
complexity t(p, g, n)—the minimum number of (p, ¢)-gates whose F,-linear combination equals
the indicator function of the algebraic torus T' = (F;)".
The answer depends on a divisibility condition:

(-1t ifpl(g—1),

tlp,q,m) =19 ¢ — 1

qg—1

In both cases, the upper bound is a Fourier inversion identity and the lower bound is obtained
via Frobenius orbit counting. We also show that the depth-3 case already escapes the exponential

barrier: for n < p, the torus indicator can be computed with O(n) gates, giving an exponential
separation.

otherwise.

1 Introduction

A central open problem in circuit complexity is to prove superpolynomial lower bounds for AC0[6].
The Razborov-Smolensky method [8, 9] gives exponential lower bounds for ACY[p] when p is prime,
but breaks down for composite moduli like 6 = 2 x 3.

Our work is motivated by this question, though our model lives in arbitrary positive charac-
teristic rather than just the Boolean case. We give a clean result concerning the gate complexity
t(p,q,n) at depth 2. Whether our method applies to the actual AC[6] problem remains unclear to
the author at this moment.

The model. A (p,q)-gate computes g o/, where (: Fy — F, is an affine form and g: F, — F), is
an arbitrary function—a full lookup table on one affine projection. The gate complexity ¢(p, q,n) is
the minimum number of gates whose IF,-linear combination equals the indicator 17 of the algebraic
torus T' = (IF;)".

Example 1.1. Forp=2, ¢=3, n =2, a typical (2,3)-gate on F3 is
g(x1 + 2x2), where g: F3 — Fo is defined by g(0) =1, g(1) =0, g(2) =0.
This gate outputs 1 if and only if 1+ 229 =0 (mod 3). Our main theorem gives t(2,3,n) = 2"~ 1.

1.1 Main Result
Theorem 1.2 (Main Theorem). Let p be a prime and q a prime power with char(F,) # p. Then
(q—1)! ifp|(qg—1),

tp,q.n) = q:_—ll = P"L(Fy)| ifpt(g—1).




For p = 2, the condition 2 | (¢ — 1) holds for all odd ¢, so t(2,q,n) = (¢ — 1)"~!. For ¢ = 2, we
have p 1 1 for all odd primes p, giving t(p,2,n) = 2" — 1.
We also show that depth-3 circuits escape the exponential barrier:

Theorem 1.3. For n < p, the torus indicator 17 can be computed by a depth-3 circuit with n + 1
gates. Moreover, any depth-3 circuit for 1p requires at least n layer-1 gates (Proposition , 50

t3(p,q,n) = O(n).

1.2 Techniques

Upper bound. The construction is a Fourier inversion identity decomposed over projective lines.
For each [a] € P"~!(F,), we define a gate giy o £q where £o(z) = a - x. The coefficients vanish in F,,
precisely when p | (¢ — 1) and a ¢ T, reducing the gate count from [P"~1(F,)| to (¢ — 1)"~L.

Lower bound. The F -Fourier transform (where k = ord,(p)) has the property that each gate’s
Fourier support lies on a single Fy-line, and the support is closed under the Frobenius a — po.
The Fourier support of 17 consists of either all torus orbits or all nonzero orbits. A counting
argument—each line contributes at most (¢ — 1)/k orbits, and the factors of k cancel—gives the
lower bound.

1.3 Related Work

The polynomial method of Razborov [§ and Smolensky [9] gives exponential lower bounds for
AC[p] for prime p, but fails for composite moduli. Barrington, Straubing, and Thérien [3] studied
the algebraic structure of ACC?. Chattopadhyay, Green, and Straubing [4] proved subexponential
lower bounds for powering in F,» against ACC(p) circuits using Kopparty’s versatility method [7];
their model is Boolean (gates act on bits), while ours is algebraic (gates act on field elements), and
we discuss the relationship in Section Viola [11] surveyed the state of small-depth computation.
Williams [12] proved nonuniform ACCY lower bounds via satisfiability algorithms, but the uniform
case remains open.

In the purely linear setting, Alman and Li [I] study depth-2 linear circuits for Kronecker power
matrices using asymptotic spectrum theory. A finding in this line of work [2] 6], [1] is that Kronecker
products of small matrices are generally not Valiant-rigid. Our setting differs in that gates include
nonlinear post-processing g: F, — I, and the exponential lower bound highlights the role of this
nonlinearity.

The connection between gate complexity and coding theory parallels work on toric codes [5] [10].

1.4 Organization

Section [2| establishes the basic setup. Section [3| gives a proof for the gate span completeness
result. Section E| develops the F x-Fourier transform and proves the support dichotomy. Section
proves the lower bound via orbit counting. Section [6] proves the upper bound via Fourier inversion.
Section [7] analyzes the special case ¢ = 3. Section [§ gives the alternative Vandermonde induction
proof for ¢ = 3 and shows why it fails for ¢ > 5. Section [9] shows that depth-3 circuits already
escape the exponential barrier. Section [10] discusses connections to Boolean lower bounds.



2 Setup

Throughout, p is a prime, ¢ is a prime power with r = char(F,) # p, and n > 1. Write T' = (F;)"
for the algebraic torus and Z = Fy \ T for the boundary.

Definition 2.1. A (p, q)-gate on Fy is a function go £ :Fy — T, where {(u) = a-u+ b is affine
(a € Fy, beFy) and g : Fy — Fy, is arbitrary.

Let G denote the set of all distinct gate evaluation vectors and form the gate evaluation matrix
M e FL9,

Definition 2.2. The gate complexity is
t(p,q,n) = min{wt(c) : c € IF'LQ|, Mze =0, Mpc=1r}.
Define linear codes over [F):

C =ker(Mz) = {c € FI¥l: Myc =0},
Co =ker(M) = {c e FIY! : Mc = 0}.

The quotient C/Cy maps isomorphically onto IF;;F: every function 7" — IF,, is realizable. The
target 17 determines a coset ¢ + Cp inside C, and t(p, ¢, n) = minceqy+c, wt(c).

3 Gate Span Completeness

Theorem 3.1. Let p be a prime and q a prime power with char(F,) # p. Then spaan(g) = Fgg,
and consequently dim(C/Cp) = (¢ — 1)™.

Proof. We prove the contrapositive: any A : Fy — F;, annihilating every gate must be zero.

Step 1. If >, A(u)(g o £)(u) = 0 for all gates, then choosing g = d, shows that each fiber sum
> t(u)=y A1) = 0 for all nonconstant ¢ and all v.

Step 2. Since char(IF;) # p, fix a nontrivial additive character ¢ : (Fy, +) — F,[(]*. Multiplying
fiber sums by ¥ (v) and summing gives X(wa) = 0 for all nonzero a.

Step 3. Since ¢" is coprime to p, the DFT is invertible in F,[(]. All Fourier coefficients
vanishing implies A = 0.

The dimension formula follows: rank(M) = ¢", rank(Myz) = ¢" — (¢ — 1)", so dim(C/Cp) =
(¢—1)™ O

Remark 3.2. When p = char(IF,), the DFT is not invertible and nontrivial annihilators exist. The
quotient dimension collapses: for p=q =3, n =2, one has dim(C/Cy) = 1 versus (¢ —1)" =4 in
the cross-characteristic case.

4 The IFpk—Fourier Transform

4.1 Setup

Let r = char(F,) and k = ord,(p), the multiplicative order of p in F%. Since r | p¥ — 1, the field Fp e
contains a primitive rth root of unity (.



Fix the nontrivial additive character x : F; — F;k defined by x(z) = ¢(T*®), where Tr : F, = F,

is the field trace. (For ¢ prime, this reduces to x(z) = (*.) The Fx-Fourier transform of f : Fy —

Fpk is

fla) =" fl@)x(—a-x), ackFy.

;BEIF;L

Since F, C Fx, any function f : Fy — F;, has a well-defined F,x-Fourier transform.
The Frobenius o : x — 2” acts on Fx with order k. Since Tr is F,-linear and p € F;, we have

o(x()) = x(v)? = PP = (Trv) = y(p), so o acts on Fy as a = pa (scalar multiplication by
p € Fy). For f taking values in F), = ng:

~

flper) = fla), (1)

so the Fourier support is a union of Frobenius orbits.

4.2 Fourier Support Dichotomy

Proposition 4.1. Over Fx, the Fourier transform of 17 is:
n
(o) = [[ (o), S(a) =3 x(-ac).
Jj=1 c€Fy
The per-coordinate factor satisfies:

-1 ifa=0,

Stay=q1 70 U
-1 if a # 0.

Proof. The torus indicator factorizes as 17(x) = []; 14,0, so the Fourier transform factorizes. For
the sum S(a) = > cp- x(—ac): if a = 0, every term is 1 and S(0) = ¢ — 1. If a # 0, the map
q
¢+ —ac is a bijection on Fg, so S(a) = >, cp: X(¢) = >y, X(1) =1 =0-1=—1. O
q

Theorem 4.2 (Fourier Support Dichotomy). Let m(a) = |{j : aj = 0}| for o € Fyy. Then in Fpi:
1p(a) = (=)™ (g — 1)),
Consequently:

(i) If p | (g —1): f;(oz) #0 < « € T. In particular, f;(oz) = (-1)" = 1p(«) for p = 2,
recovering self-duality.

(i) If pt(q—1): 1p(a) #0 <= a #0. The Fourier transform has full support on Iy \ {0}.

Proof. By Proposition 17(a) = [1; S(ey) = (—1)»="@) (g —1)™(®), This vanishes in Fx if and
only if m(a) > 1 and ¢ — 1 =0 (mod p). O



5 Lower Bound

Lemma 5.1 (Gate Fourier support). If go/ is a gate with {(x) = a-x+b, then supp(g/\oﬁ) CFy-a.

Proof. The Fourier transform of go/ at a involves a sum over the affine hyperplane {x : a-z+b = v}.
This sum vanishes unless o € (kera)t =F, - a. O

Lemma 5.2 (Frobenius orbits). Let k = ord,(p). The Frobenius o +— pa acts on Fy \ {0} with
orbits of size exactly k. Each line Fq - a through a nonzero a contains:

(a) (¢ —1)/k Frobenius orbits lying in Fy - a (the torus part of the line), and
(b) one additional orbit {0} (which has size 1).
For a € T, the line Fy - a meets T in exactly (¢ — 1)/k Frobenius orbits.

Proof. The orbits of Fy under multiplication by p have size exactly k = ord,(p) (since pla = «a
with a # 0 implies p/ = 1 in F,), giving (¢ — 1)/k orbits. The line F, - a intersected with F} \ {0}
is Fy - a, which inherits the orbit decomposition. O

Theorem 5.3 (Lower bound). For all primes p and prime powers q with char(IFy) # p:

(q— 1)1 ifplg—1),
t(p7Q7n>Z{1+q+...+qn1 ifpj((q—w-

Proof. Suppose 17 = >""" | ¢i(g; o £;) with ¢; € ;. Taking F,x-Fourier transforms:
w —_—
]-T = Z C;g; © él
i=1

For any a with I;(oe) = 0, at least one gate must satisfy gTo\&(a) # 0, placing « on the line F; - a;
by Lemma Since the Fourier support is a union of Frobenius orbits by , each such orbit
must be covered by some gate.

Case p | (¢ — 1): By Theorem [4.2(i), the Fourier support is 7. The torus has (¢ — 1)"/k
Frobenius orbits, and each gate line covers at most (¢ — 1)/k:

g—1_ (¢-1" -1
. > = w>(¢g—1)""".
w T A w > (q )

Case p t (¢ — 1): By Theorem (ii), the Fourier support is Fy \ {0}, which has (¢" —1)/k
Frobenius orbits. Each gate line covers at most (¢ — 1)/k orbits in Fy \ {0} (namely the orbits in
F* - a;):

q 7

g—1_¢"—1 g —1
> — >
k= k Y=

= [P (Fy)l.
O

Remark 5.4. The factors of k cancel perfectly in the lower bound. This means the gate complexity
depends only on q and n, not on the multiplicative order of p. The extension field Fx serves as an
auziliary tool but leaves no trace in the final answer.



6 Upper Bound

Theorem 6.1 (Upper bound). For all primes p and prime powers q with char(F,) # p and n > 1:

(g—1)"t ifpl(g—1),
l+q+-+¢" ifpt(g—1).

t(p,q,n) < {

Proof. For each nonzero direction a € Fy \ {0}, define the homogeneous linear form /,(z) = a -z
and the gate function g, : F; — IF,, by

ga(v) = Cla] - 1,0,
where [a] denotes the projective class of a and

(=1)r=@) . (g — 1)™(a)
qn—l

Cla] = € IFp, (2)

with m(a) = |{j : a; = 0}| as before, and ¢"~! is inverted in F, (possible since char(F,) # p). The
coefficient c(,) depends only on the projective class [a] since m(ta) = m(a) for t € F}.

Claim: The function

F)= Y ¢ laa=o

[a]€P™—1 (Fq)

satisfies F'(x) = 17(z) + C for a constant C € F),.
Proof of claim. Expand each indicator using the additive characters of F:

1 1 1
1a,x:0:§Zx(s-a-x):§—|—52x(s-a-x).

s€lFy seFy
Substituting into F' and using v = sa to parametrize Iy \ {0}:

Clo]

qg—1

F(:z):c*mLl >

q X(Oé ' l’),
acF?\{0}

where we used the fact that each « # 0 is counted once for each s € Fy in its projective class, and
the factor 1/(¢ — 1) compensates.

By Fourier inversion, 17(z) = ¢~ "), 17(a)x(a - z). Matching coefficients shows F(z) =
17(x) 4 C for some constant C.

Since a constant function can be absorbed into any single gate (by adjusting g,(v) for one gate),
the number of gates equals the number of projective classes [a] for which ¢ # 0 in ).

Counting nonzero gates. The coefficient ¢, = (—1)"=m@) (g — 1)™@ /g"~! vanishes in F,, if
and only if p | (¢ — 1) and m(a) > 1 (since ¢"~' is invertible and (—1)""™® is a unit).

e Ifp|(qg—1): ¢g # 0 only when m(a) =0, i.e., @ € T. The number of such projective classes
is |T|/(¢— 1) = (¢ = 1)" .

o If pt(q—1): ¢ # 0 for all [a] € P"~1(F,), giving (¢" —1)/(¢q — 1) gates.

Proof of Theorem [I.3. Combine Theorem and Theorem



7 The Special Case ¢ =3

For ¢ = 3 and p = 2, the formula gives ¢(2,3,n) = 2"~!. This case admits a more detailed analysis.

7.1 Explicit Construction
The gates are indexed by s € (F5)"~1 = {1,2}""1. For each s = (s1,...,s,_1), define

n
ls(x) = a1 + Zsj—lxjv 9s = Le,20.
j=2

Then ¢ g1 2yn-1 9s(€s(x)) = 1r(z) in Fa.

7.2 Solution Structure

Theorem 7.1. For q = 3: every weight-2"~! gate combination representing 17 uses the 27!
linear forms {{s : s € (F5)""'} (up to a choice of distinguished coordinate). The only freedom is in
the gate function: each form s can be paired with either 1y 4o or 14,—g, subject to an even-parity

. . . n—1__ .
constraint. This gives 22 L solutions.

Proof. The tightness of the lower bound (Theorem forces each of the 2"~! gates to cover a
distinct Frobenius orbit in T, so the 2! linear forms used must be exactly one representative per
projective class in T. Up to a choice of distinguished coordinate, these are {{ : s € (F5)"~1}.
Given these forms, on the torus 7" = (IF5)", the functions 1y, |7 and 1,,—g|7 are complemen-
tary: their XOR is the constant function 1 on T'. Flipping the gate function for ¢, changes the
contribution on 7" by 1|7, while preserving the vanishing on Z. Flipping an even number of gate
functions preserves the global XOR being 17, giving 22" =1 yalid assignments. O

7.3 The y-Independence Theorem

The construction uses 2"~ ! canonical gates gs = 14,40. The following theorem shows these are
linearly independent, so the canonical construction is locally optimal.

Definition 7.2. Form >0 and s = (s1,...,5m) € {1,2}™, define ¢ : F§"*1 — Fy by

1/)5(1:17 cee vxm—i-l) = ]-xl—&-zz;l spTr+1=0 (mod 3)-

Theorem 7.3 (¢-Independence). For all m > 0, the 2™ functions {¢s : s € {1,2}"} satisfy:

(a) They are Fa-linearly independent on Fgﬁ'l.

(b) The constant function 1 is not in their Fa-span.

Proof. By strong induction on m, proving (a) and (b) simultaneously.
Base case (m = 0). The single function ¢ (z1) = 1,,—¢ is nonzero, hence independent. And

¥ # 1 since ¥ (1) = 0.

Inductive step. Assume both statements hold for all m’ < m. Suppose P, g s = 0 for some
nonempty S C {1,2}™.

Step 1: Restrict to {xm1 = 0}. On this slice, ¥y 4,y reduces to wgfn_
Write €5(s") = 1(s j)es for j € {1,2}. The restricted equation becomes @, (e1(s") Dea(s’))
0. By induction (a) for m — 1, we conclude 1(s’) = e2(s’) for all s'.

1), independently of sy,.

(,m—l) _



Define Sy = {s’ € {1,2}""1: (s',1) € S} = {s': (5',2) € S}.
Step 2: Restrict to {zms1 = 1}. On this slice, Yy 1|z, 1=1 © V(& 2)lzmi=1 = Lo,20 =
14 ws,n*l). Summing over s’ € Sy:
Paov ) =0, giving @ ui"" =15 mod2.
s’'e€So s’€Sp

If |Sp| is even, induction (a) gives Sp = 0. If |Sp| is odd, induction (b) is contradicted. Either way
S = (), proving (a). Part (b) follows similarly by restricting the equation @g s = 1 to {zp41 = 0}
and applying induction (b). O

Corollary 7.4. The 2"~ ! canonical gates g; = 14,20 for s € (Fg)”_l are Fa-linearly independent
as functions on Y.

8 Vandermonde Induction for ¢ =3

For the special case ¢ = 3, we give an alternative lower bound proof that establishes a stronger
result: an Fy-Fourier support theorem for all functions supported on 7.

8.1 Coordinate Slicing
Write f : F§ — Fy and define fi(2') = f(1,2'), fa(2') = f(2,2') for 2’ € F3~'. Then
flaa, o) = w1 fi(e!) + 0 fo(o),

since —2a1 = a1 in F3, where w € Fy is a primitive cube root of unity (satisfying w? +w + 1 = 0).

~ -~ ~

For fixed o, the three values f(0,a'), f(1,'), f(2,a') are the entries of

2w | [(Be)
o w?) \J2()

Since this 3 x 2 Vandermonde matrix over F4 has every 2 x 2 submatrix nonsingular:

Lemma 8.1 (Slicing Lemma). For each o/ € F§~:

(a) If fi(a!) = fao(@!) =0, then flog, o) =0 for all o.

(b) If exactly one is nonzero, then f(ay,a’) # 0 for all ;.

~

(¢) If both are nonzero, then f(ai,a’) =0 for exactly one ;.

Theorem 8.2 (F4-Support Theorem). Let f : Fy — Fy be nonzero with supp(f) C T. Then

~

|supp(f)| > 2".

Proof. By induction on n. The base case n = 1 is verified directly. For the inductive step, let
K; = supp(f;) with k; = |K;|. By Lemma

\supp(f)| = 3|K1AK2’ + 2’K1 N KQ‘ > 2max(k1, k‘g)
Since each nonzero f; satisfies supp(f;) € 77 = (F5)"~!, induction gives k; > 277!  yielding
supp(f)| > 2271 = 21, 0
Corollary 8.3. t(2,3,n) > 2" 1.

Proof. For f € C\ Cp, Theorem gives [supp(f)| > 2", hence |supp(f) \ {0}| > 2" — 1. Since
each gate covers at most one Frobenius pair, 2w > 2" — 1, giving w > 2"~ L. O



8.2 Failure for ¢ > 5

Remark 8.4 (Failure for ¢ > 5). The Fig-Fourier support theorem does not hold for ¢ = 5.
Ezhaustive computation for n = 2 reveals that the minimum Fourier support for a nonzero f :
F2 — Fy with supp(f) C T is lsupp(f)| = 8, not 42 = 16. The obstruction is the Vandermonde
structure: the 5 x4 Vandermonde matriz over Fig has singular 4 X 4 submatrices, so the coordinate
slicing induction yields only ]supp(f)\ > 2.4"1 q factor of 2 short. This failure motivated the
orbit counting argument of Section [5

9 The Depth-3 Case

The exponential lower bound of Theorem applies to depth-2 circuits. We show that depth-3
suffices to reduce the gate complexity from exponential to linear.

9.1 The Depth-3 Construction

Proof of Theorem [1.5 We construct a two-layer circuit.
Layer 1 (n gates): For each coordinate i € [n], define the gate b; = g;(x;) € F), where

{1 if v £ 0,

90 =00 ire—o.

Thus b; = 1[1)1 #+ 0] S {0, 1} C Fp.
Layer 2 (1 gate): The intermediate values (b,...,b,) € Fj are fed into a single gate

h(>1, bi) where
1 ifs=
h(s) = if s =n,
0 otherwise.

Correctness: We have x € T if and only if all b; = 1, if and only if ), b; = n. The condition
n < p ensures no wraparound in [F,,, so h(>_, b;) = 1 if and only if all coordinates are nonzero. The
total gate count is n + 1. O

Remark 9.1. The constraint n < p is necessary for the construction: when n > p, the sum ) . b;
can equal n mod p without all b; = 1.

9.2 A Lower Bound at Depth 3

Proposition 9.2. Any depth-3 circuit computing 11 uses at least n layer-1 gates.

Proof. A depth-3 circuit computes h(}_7_; ¢jg;(a; - x)) for direction vectors a1, ..., a, € Fy. The
output depends on x only through the map L: x — (a1 - z,...,ay - x). Let V = span(aq,...,ay)
with d = dim V.

Suppose d < n. Choose a ¢ V and set {(z) = a-x. For each t € F,, the affine hyperplane
Hy = {x : {(x) = t} has |H;| = ¢"~'. The restriction of L to Hy maps onto F¢ with fibers of

n—1—d (

constant size ¢ since ¢ is independent of ajy, ..., ay). In particular, for any value v € Fg:

{z € Hy: L(z) =v}| = ¢"'7¢, independent of t.

Since the circuit’s output at x is determined by L(x), the number of x € H; where the circuit
outputs 1 is independent of ¢. If the circuit computes 17, this gives |H; NT| = |Ho N T| for all ¢.



We show this fails by explicit computation. Write {(z) = >, a;z; and let m = |{i : a; = 0}|.
Using additive characters:

HAT =Y ; S (@) - 1) == [(a- 1"+ 3 x(=st) 3 x(sa-2)

€T ~ selfy s7#0 zeT

The inner sum factorizes over coordinates: ) . x(sa-x) = [[; > ceF; X(sa;c). For a; # 0 and
s # 0, the map ¢+ sa;c is a bijection on Fy, so > x(saic) = ZueF; x(u) = —1. For a; = 0, the
sum is ¢ — 1. Thus ) . x(sa-z) = (=1)""™(q — 1)™ for all s # 0.

Fort =0: > . ,0x(0) =¢—1. Fort#0: > 4 x(—st) = —1. Therefore:

|HoNT|=~[(¢g—1)"+(¢—1)(=)"""(q-1)"],

[HNT| == [(¢— 1" = (=1)"""(¢—1"] (t#0).

QL =R =

The difference is
|HoNT| = [H:NT| = (=1)"""(¢g—1)™ #0,

)
since ¢ is nonconstant (so m <n —1) and (¢ —1)"™ > 1. This contradicts |H; N T'| being constant
int,sod=nand w > n. O

9.3 The Depth Gap
Corollary 9.3 (Exponential Depth Gap). For fized p and q with p | (¢ —1) and n < p:

t3(p7Q7n) n

Remark 9.4. The lower bound of Section[5 relied on each depth-2 gate having Fourier support on
a single Fy-line. At depth 3, the intermediate layer combines Fourier modes nonlinearly, defeating
this covering argument.

10 Discussion

10.1 Relation to Boolean Lower Bounds

It is worth clarifying the relationship between our results and the Boolean circuit lower bounds of
Chattopadhyay, Green, and Straubing [4], who prove subexponential lower bounds for powering in
F,» against ACC(p) circuits.

The two results concern different models. In Boolean ACC(p), each gate computes a weighted
sum of input bits modulo p; field elements are encoded as bit strings, and extracting even a single
field element’s value requires many gates. In our model, a single (p, q)-gate applies an arbitrary
function to an Fg-linear form. The CGS lower bound relies on polynomial approximation via
the Razborov-Smolensky method, combined with Kopparty’s versatility argument [7]; this has no
analogue in our setting, since our gates already compute arbitrary functions of their inputs. The
models probe different aspects of the cross-characteristic barrier, and neither subsumes the other.

10



10.2 Open Question

Our depth-3 construction (Theorem [1.3|) requires n < p so that the sum ) b; does not wrap around
in F,. The lower bound t3 > n (Proposition has no such restriction. Extending the upper
bound to all n—or finding a different construction that avoids the n < p condition—would close

the gap.
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